Suppose S is a compact, oriented surface without boundary such that (S) > 0. If S is connected then S must be homeomorphic to the 2-sphere. More generally, the number of spherical components of S is at least (S)=2.
This fact generalizes to measured laminations, according to the following result of A. Connes ( Con82] x3, Con94] xI.5. ):
Sphere Lemma. If is a compact, oriented, smooth 2-dimensional measured lamination, and if ( ) > 0, then has at least one leaf homeomorphic to the 2-sphere. In fact, the total transverse measure of 2-sphere leaves is at least ( )=2.
Since the rst appearance of the Sphere Lemma it has acquired an independent interest, in relation to the geometry of laminations Can93], Ghy88] , and in applications to geometric group theory MO97].
The Sphere Lemma was proved by Connes as an illustration of how to apply noncommutative geometry to foliations ( Con82] , Con94]). In a comment accompanying his proof Connes says the statement of the Sphere Lemma \is fairly intuitive, if there is enough positive curvature in the generic leaf, this leaf is forced to be closed and hence a sphere. This fact should have a simple geometric proof." ( Con82] , p. 551).
We o er a simple combinatorial proof of the Sphere Lemma. One way to prove that a connected, oriented surface S with (S) > 0 is a sphere is to start with a cell decomposition of S, and successively coalesce 2-cells along edges, obtaining a sequence of cell decompositions which give better and better global pictures of S. If this is done carefully, at the end one sees that S is obtained from two 2-cells by identifying boundaries, thereby producing a sphere. Our proof mimics this process for laminations.
In order to generalize this proof from surfaces to laminations, we borrow techniques from 3-manifold topology, in particular the use of branched surfaces to study
The rst author is supported in part by NSF grant DMS 95{04946. 1 laminations. Given a 2-dimensional measured lamination , by collapsing a certain family of Borel tranversals to points one obtains a \carrying map" from to a branched surface B. The branched surface B, or the carrying map ! B, may be thought of as an approximation of . In terms of B, one can write down a formula for ( ) that generalizes the classic formula (S) = V ? E + F for a surface S.
Our main technical result is the Splitting Lemma which says that starting from one carrying map ! B, one can produce a sequence of carrying maps to branched surfaces which are better and better approximations of . The proof of the Splitting Lemma uses tools of measure theoretic dynamics, in particular Rochlin's Lemma.
We will prove the Sphere Lemma by showing that most compact leaves of are detected by carrying maps which are su ciently good approximations of . If ( ) > 0, sphere leaves can then be detected directly.
Here is an outline of the paper. In x1 we review measured laminations and branched surfaces, and state the Splitting Lemma. In x2 the Splitting Lemma is used to prove the Sphere Lemma. In x3 we proof the Splitting Lemma using Rochlin's Lemma.
Laminations and branched surfaces Laminations
All of our laminations will be smooth, with 2-dimensional leaves.
Let be a metrizable topological space. A lamination chart in is an open subset U and a homeomorphism U D T, where D is an open disc in R 2 and T is a metrizable topological space. A plaque of the chart U is a subset of the form D t for some t 2 T. A chart U 1 D 1 T 1 is a subchart of another chart U 2 D 2 T 2 if U 1 U 2 , and the inclusion induced map D 1 T 1 U 1 , ! U 2 D 2 T 2 has the form (x; t) ! (h(x; t); k(t)), where the map h t (x) = h(x; t) is a smooth map h t : D 1 ! D 2 for each t 2 T 1 , and each partial derivative of h t (x) is a continuous function of D 1 T 1 ! R. We refer to the map (x; t) ! (h(x; t); k(t)) as the overlap map beween the two charts. We say that is a lamination if it is equipped with an atlas of lamination charts whose union is , such that if x 2 lies in the intersection of two charts, then there is a common subchart containing x in the atlas. Suppose is a measured lamination, with transverse measure . By the usual partition of unity argument, we may construct a smooth Riemannian metric g on . Let A g be the area measure along leaves given by g. Combining A g and results in a measure g on , whose integral against a continuous function f is given in a chart U D T by
This gives a well-de ned measure class on depending on but not on g, for if g 0 is any other smooth Riemannian metric then we have the following equation of Radon-Nykodym derivatives: d g =d g 0 = dA g =dA g 0
as smooth maps from to (0; 1). Note that if P is a property of leaves, then P is true for -almost every leaf of if and only if the union of leaves for which P is true has full g measure in .
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If is a measured lamination, the Euler characteristic is de ned by the formula ( ) = 1 2 Z g d g where g is a smooth Riemannian metric and g is the Gaussian curvature of g along leaves. The value of ( ) is independent of the choice of g; we will prove this in x2
by giving a combinatorial formula for ( ) which does not involve g.
Surfaces-with-corners
In topology one studies manifolds-with-boundary and manifolds-with-corners. These concepts can be generalized to laminations. We will not attempt to make the broadest generalization here, restricting only to what we need for our immediate purposes.
De ne a surface-with-corners to be a metrizable topological space locally mod- Note that a smooth map can change the value of the angle in the local model for a corner, but a \convex angle" in (0; ) cannot be changed into a \re ex angle" in ( ; 2 ), and neither can be changed into a \straight angle" of or into a \full angle" of 2 . It is nevertheless convenient to allow more general folds of these types|for example, a quadrilateral abcd can be glued up to form a 2-sphere by folding sides ab and cb around vertex b to form a full angle, and folding sides cd and ad around vertex d to form a full angle. Let S be a compact surface-with-corners, and let T be a topological space. We will think of S T as a \lamination-with-corners". Given a lamination , the de nition of a smooth map f : S T ! may be formulated in the obvious manner: in local coordinates on S T and on , the map f has the form (x; t) 7 ! (h(x; t); g(t)) where h( ; t) is the restriction of a smooth map between open subsets of R 2 , and the partial derivatives of these maps vary continuously as functions of (x; t). More generally, given a corner p of S with local model C , we may want to allow f to have the form (x; t) 7 ! ( ;2 (x); g(t)) for x; t 2 C T, that is, the map has a fold at (p; t) for each t 2 T; if this is allowed for certain corners of S then we say that f : S T ! is a smooth map-with-folds. We write dom(q) = M, and we abuse notation by writing q : ! B despite the possibility that dom(q) 6 = . Notice that q need not be a continuous map from dom(q) to B. Remark. The reason for allowing the domain of a carrying map to be a proper sublamination M, rather than all of , is explained in the remarks following the Slice and Glue Lemma.
Branched surfaces carrying laminations
U = S k i=1 D i is a neighborhood of x in B. q ?1 (U) = S k i=1 f i (D i T i ).
The Delauney construction
Given a Riemannian metric on a surface S, the Delauney construction is a method for constructing a cell decomposition of S starting from a net of closely spaced points on S. We adapt this construction to the present context of smooth laminations:
Proposition. Let C(x) x ! such that f x (C(x) s) is a Delauney cell in some leaf, for each s 2 x . These product maps form a nite collection ff i :
We claim that the collection ff i g N i=1 may be altered so that if i 6 = i 0 2 f1; : : : ; Ng then for all s 2 i and s 0 2 i 0, setting C = f i (C i s) and C 0 = f i 0 (C i 0 s 0 ), the set C \ C 0 is either a common edge of C and C 0 , or a common vertex, or is empty.
This claim can be established by replacing each transversal i by a Borel subset.
We claim furthermore that the collection ff i g N i=1 can be altered so that local transversals line up along common edges. To be precise, suppose i 6 = i 0 2 f1; : : : ; Ng, and consider edges E C i , E 0 C i 0. Choose Borel subsets i , 0 i 0 with the property that f i (E ) = f i 0 (E 0 0 ) Our claim asserts that after alterations, there exists a homeomorphism k: E ! E 0 such that for all x 2 E we
To prove this claim, for each i 2 f1; : : : ; Ng and each edge E of C i , we may alter f i : C i i ! so that for each t 2 i , the map x 7 ! f i (x; t) going from E to f i (E t) is a ne with respect to arc length. After these alterations are done, the desired homeomorphism k: E ! E 0 is just the unique a ne homeomorphism with the appropriate isotopy class. Now de ne an equivalence relation on generated by the set of Borel transversals ff i (x i ) i = 1; : : : ; N; x 2 C i g. From the previous two claims it follows that each equivalence class is a Borel transversal; let T be the set of equivalence classes. We may choose the family ff i g so that each 2 T is contained in some lamination chart. Now collapse each 2 T to a point. The quotient B evidently has the structure of a smooth branched surface, and the quotient map q : ! B is a measurable carrying map.
} Product decompositions of laminations
Given a measurable carrying map from a measured lamination to a branched surface B, if is a 2-cell in B then there is a topological space and a smooth embedding ! such that each t is a partial section of the carrying map, and int( ) is the inverse image of int( ). In other words, is a \product" over each 2-cell of B. We often want to decompose B into larger surfaces called \sectors", over which is a product. To make this precise we de ne \sector decompositions" of branched surfaces and the parallel notion of \product decompositions" of laminations.
A sector decomposition of a branched surface B is a collection of smooth mapswith-folds D = fc i : S i ! Bg i2I , where each S i is a compact, connected surfacewith-corners, and the following properties hold: For each x 2 int(S) the set q ?1 (x) = f S (x S ) is a Borel transversal of , and it is naturally identi ed with S . In particular, induces a well de ned Borel measure on S , whose total mass is denoted ( S ). For each edge e of S the map f S e S is an embedding.
Given S 1 ; S 2 2 D, edges e i @S i , and points t i 2 S i for i = 1; 2, the sets f S 1 (e 1 t 1 ), f S 2 (e 2 t 2 ) either are disjoint, or they intersect in common endpoints, or they are identical.
If q : ! B is a product over each sector of D, then the collection of maps P(D) = ff S : S S ! S 2 Dg is called the product decomposition of associated to D, and the individual maps f S 2 P(D) are called product sublaminations.
Remark. One can interpret the concept of a \product decomposition", in such a way that \product decompositions of " are logically equivalent to \branched surfaces carrying decomposed into sectors over which is a product". For example, the Delauney construction rst produces a product decomposition and from that produces a branched surface. Indeed, this paper could be written (and an earlier draft was written) entirely in terms of product decompositions, with no mention of branched surfaces. However, many concepts are more easily formulated in branched surface language, and many constructions are more easily visualized using branched surfaces.
Given q : ! (B; D) as above, we de ne the mass of relative to D to be
Intuitively, the mass is obtained by assigning an area measure to S t of total area 1, for each S 2 D and t 2 S , and then integrating over to obtain Mass D ( ).
Remark. If L is a leaf of contained in dom(q), the product decomposition of associated to D induces a decomposition of L into surfaces-with-corners, glued along edges and vertices. These surfaces-with-corners need not be embedded; they may have vertex or edge identi cations, and they may have folds. The decomposition has \bounded local combinatorics", which means that there are only nitely many topological types of surfaces-with-corners in the decomposition, and there is a global bound on the valence of a vertex in L; moreover, these bounds are independent of the leaf L. The sets g i (int S i ) and g j (intS j ) are disjoint, for i 6 = j 2 f1; : : : ; Ng. For each i; j 2 f1; : : : ; Ng, each edge E of S i , and each edge E 0 of S j , the sets g i (E), g j (E 0 ) either are disjoint, or intersect in common endpoints, or are identical. Each edge of S is the image of some edge of some S i . 
11
The intuition behind this lemma is that one can nd an arbitrarily good approximation of , where q : ! (B; D) is a \good approximation" if each sector of D either has large area or is a closed surface. 
From these facts it follows that
For each x 2 e the set q ?1 (x) = f e (x e ) is a Borel transversal of , naturally identi ed with e , and so induces a well-de ned Borel measure on e . 
}
Remark. This lemma shows that the original curvature formula for ( ) does not depend on the choice of a Riemannian metric. Remark. Besides the smooth category, there is a category of topological laminations, in which overlap maps (x; t) 7 ! (h(x; t); g(t)) need not satisfy any smoothness assumptions. We do not know how to show that ( ) is independent of the smooth structure on . Perhaps what is missing is some kind of existence and uniqueness theorem for smooth structures. One has to be careful, however, because strict uniqueness may not hold. For instance, if f : T 2 ! T 2 is an Anosov di eomorphism, the mapping torus M f is a T 2 ber bundle over the circle, and so we have a foliation F of M f whose leaves are the T 2 bers; the results of Caw93] suggest that F has many inequivalent smooth structures.
Another possibility is to equate ( ) with a topological Euler characteristic de ned in terms of some kind of homology groups. In Con94] xI.5. Connes de nes homology groups using the smooth structure. Do these homology groups depend only on the topological structure of ?
Next we give a formula for ( ) which, in some sense, generalizes the EulerPoincar e formula for a vector eld.
Let (D) = } Now consider the Euler-Poincar e formula for D n . Since D n has no folds, in the second sum on the right hand side of the Euler-Poincar e formula it follows that the k = 1 term equals zero, and so that sum is nonpositive. We therefore have: 
@S is denoted`(@S).
We construct a sequence of splittings by slicing and gluing with two goals in mind: increase sector areas; or preserve sector areas but decrease boundary length. The purpose of decreasing boundary length is to home in on sectors which are closed surfaces|since boundary length is a non-negative integer, it cannot be decreased inde nitely without eventually yielding a closed surface. The following lemma is our main technical tool in constructing sequences of splittings.
Slice and Glue Lemma. Let Later we will describe a fold elimination process.
Proof. Let P = P(D) be the product decomposition of associated to D. Consider the product sublamination S S in P. We shall refer to @S S as the fence of S S , the set e S is a fence section, and for any Borel subset S the set e is a fence subsection.
The strategy of the proof is to \break down the fence": given t 2 S , glue S t to whatever surface-with-corners lies on the other side of e t, in the product decomposition P. If that other surface-with-corners does not lie in S S , then area is increased. If that other surface-with-corners is S t 0 for some t 0 6 = t in S , then area is also increased. If that other surface-with-corners is identical to S t, then two edges of S t are glued together, preserving area but decreasing boundary length. But if we are too cavalier, we may run into a big problem. For example, consider the case that S has an edge e 0 6 = e such that e S is identi ed with e 0 S in , and so e t is identi ed with e (t) for some measure isomorphism : S ! S . If we glue e t to e (t) for every t 2 S , and if has a non-periodic point t, then gluing will produce a surface of in nite area|the resulting \decomposition" of will not be a product decomposition. The solution to this di culty is to glue only along part of e S ; the portion along which we glue will be speci ed by Rochlin's Lemma.
The fence section e S has a decomposition into pairwise disjoint fence subsections (e 1 ) (e K ) with the property that for each i = 1; : : : ; K there exists S i 2 D, an edge e i of S i with e 6 = e i , and a subtransversal ! i S i , such that e i and e i ! i are identi ed in . Furthermore we have e i 6 = e j if i 6 = j 2 f1; : : : ; Kg.
Throughout this proof, we denote i = S i , for i = 1; : : : ; K, and so ! i i . We break the proof into a sequence of increasingly general cases, each of which introduces a new idea. For each l = 1; : : : ; L we slice and glue as follows. Let S 0 = S K l and let 0 = K l . Let V be the nite, measurable partition of 0 generated by the measurable subsets ! k (for k = K l?1 + 1; : : : ; K l ), that is, the smallest measurable partition for which each ! k is a saturated subset. Note that V induces a nite measurable partition on each ! k . Note also that V contains the partition element 00 = 0 ?
Since e k is identi ed with e k ! k , the partition of ! k induces a partition of k . Now slice S k into subproducts, one for each partition element of k , and slice S 0 0 into subproducts, one for each element of V . Form new product sublaminations with base area strictly larger than Area(S) by gluing the subproducts of e k ! k with corresponding subproducts of e k (for k = K l?1 + 1; : : : ; K l ). Form one other new product sublamination S 0 00 , a subproduct of S 0 0 . Doing this succesively for l = 1; : : : ; L we obtain a new product decomposition P 0 . Constructing B 0 , q 0 , and D 0 as in case 1, the conclusions of the Slice and Glue
Lemma are easily checked.
Case 3. This is another special case, which introduces measure theoretic tools needed for the general case. Suppose that K = 1 and S 1 1 = S , so e 1 is Hence, if is partitioned into countably many towers of height at least 2, then can be repartitioned into countably many towers of height 2 and 3, which can then be joined into a single tower of height 2 and one of height 3.
Here is another amusing tool. De ne an abyss to be a pairwise disjoint sequence of measurable subsets F n , ?1 < n 1, such that (F n?1 ) F n for n 0, and (F 0 ) = F 1 . An abyss can be repartitioned into countable many disjoint towers of height at least 2. To see why, for each n 0 let G n = F ?n ? (F ?n?1 ). Then G n is the base of a tower ? G n ; (G n ); : : : ; n+1 (G n ) of height n + 2 2, these towers are disjoint, and their union is all of S 1 n=?1 F n . Thus, to prove the Twin Towers Lemma it su ces to partition into countably many disjoint abysses.
Applying Rochlin's Lemma, partition into a tower (F 0 ; F 1 ) of height 2 and a set E of measure at most 1. Let D be the largest subset of E which is invariant under , meaning that (D) = D. Now extend (F 0 ; F 1 ) to an abyss, by partitioning E ? D into sets F ?1 F ?2 : : :, where F n = E \ ?1 (F n+1 ) for n < 0. It follows that (F n ) n 1 is an abyss, and D = E ? Applying Rochlin's Lemma, partition D n?1 into a tower F n 0 , F n 1 with complement E n having measure at most 1=2 n . Let D n be the largest invariant subset of E n , and extend F n 0 , F n 1 to an abyss by partitioning E n ? D n .
The nested intersection T n E n has measure zero. Throwing away this subset, the remainder of T is partitioned into countably many disjoint abysses.
}
Returning to the notation at the beginning of case 3, we de ne a new product decomposition by slicing and gluing S . Let x denote the xed point set of : ! . Applying the Twin Towers Lemma to : ? x ! ? x , we obtain a twin towers partition G 1 ; G 2 ; G 3 ; H 1 ; H 2 of ? x .
The product S is then sliced into six subproducts: S x , S G 1 , S G 2 , S G 3 , S H 1 , S H 2 . To do the gluing, rst let e x and e 1 x be glued to each other, replacing S x by a new product S 0 x , where S 0 is the surfacewith-corners obtained from S by gluing e to e 1 ; note that Area(S 0 ) = Area(S) but`(@S 0 ) =`(@S) ? 2 <`(@S). Next, let S H 1 and S H 2 be glued across e H 1 = e 1 H 2 to make a new product S 00 H, where S 00 is obtained from two copies of S by identifying e on one copy with e 1 on another copy, and H H 1 . Also, let S G 1 , S G 2 , and S G 3 be glued across e G 1 = e 1 G 2 and across e G 2 = e 1 G 3 to make a new product S 000 G, where S 000 is obtained from three copies of S by gluing e on the rst copy to e 1 on the second, and gluing e on the second copy to e 1 on the third, and G G 1 . Finally, the new product decomposition P 0 is obtained from P by replacing S with the three products 20 S 0 x , S 00 H and S 000 G. Constructing B 0 and D 0 from P 0 as in case 1, the conclusions of the Slice and Glue Lemma follow.
Case 4: The general case. Returning to the notation established at the beginning of the proof of the Slice and Glue Lemma, let M be the number of indices i 2 f1; : : : ; Kg such that S i = S, and reindex so that S 1 = = S M = S. For each i = 1; : : : ; M, we have i , and there is a holonomy map i : i ! , a measure isomorphism onto i , de ned so that e t is glued to e i i (t) for each t 2 i .
We proceed by induction on M, reducing to the case M = 0, which is precisely case 2. Suppose that M > 0. Consider the holonomy map = 1 : 1 ! . We use towers to partition according to how much can be iterated on a given point. Let
